Abstract: In this paper, we numerically demonstrate that the concealment of time-delay signature (TDS) can be readily achieved via the combined mechanism of phase-conjugate feedback (PCF) and chaotic optical injection. To show the potential advantages of the proposed scheme, its counterpart, i.e., a slave semiconductor laser (SSL) subjected to chaotic optical injection from a master semiconductor laser (MSL) with conventional optical feedback (COF) is studied in parallel. In particular, we consider a fair situation where the MSL in both PCF and COF shows a comparable peak value in the autocorrelation function computed from the intensity time series. Our simulations uncover that combining the mechanism of PCF and chaotic optical injection is beneficial for TDS concealment in the SSL. To better understand this, the effects of some control parameters including injection and feedback are comparably studied. The results further prove that, as the injection or feedback parameters are varied, the proposed PCF-system always exhibits weaker autocorrelation around the feedback delay value when compared to the COF-system. In the meantime, the former system allows for larger bandwidth and, thus, paves way for important applications to secure communication and random-number generation.
Introduction
The optical chaos generated by semiconductor lasers (SLs) has been a hot topic during the past few years because of the extensive applications, such as secure communications [1] - [4] , random number generators [5] - [10] , reservoir computing [11] , chaotic radar [12] , compressive sensing [13] , and optical time domain reflectometry [14] , [15] . It is known that SLs belong to Class B type lasers and exhibit a rich variety of dynamics only under external perturbations [16] - [20] including but not limited to optical feedback, mutual coupling, current modulation, and optoelectronic feedback. Among these, the optical-feedback configuration is one of the simplest schemes and well-known for its reputation for the ease of access both in theory and experiments. Such a feedback-induced system, however, exhibits obvious time-delay signature (TDS) even in the chaotic output, which is a negative feature in above-mentioned applications [21] . For example, the TDS in chaos could threaten the security of an optical chaotic communication system and prevent the generated random bit sequence from passing the standard randomness tests [5] , [21] . Hence, the suppression of such TDS in chaotic SLs has become an active research topic recently [22] - [31] , where many effective techniques have been proposed to suppressed the TDS in SLs. Wu et al. concealed the TDS in a double optical feedback SL system by adjusting the feedback parameters, including the length and the feedback power ratios of the two external cavities [22] . Hong et al. introduced a new concept to quantified the TDS in three-cascade VCSELs system, and found that the TDS can be totally concealed over a wide frequency detuning region, while the injecting chaos has a higher bandwidth [23] . Xiang et al. removed the TDS from the chaotic output in a ring network consisting of three mutually-coupled semiconductor lasers (MCSLs) [24] . Besides, the influences of internal parameters of SLs, such as linewidth-enhancement factor and gain nonlinearity, were studied numerically [27] , [28] , [30] . In the current contribution, we focus on the combined system consists of a master SL (MSL) with time-delayed feedback and a slave SL (SSL) subjected to chaotic injection from the MSL, and improve the chaotic dynamics in the SSL. There are several methods to provide time-delayed feedback for the SL, for example, conventional optical feedback (COF) with an external mirror [29] - [32] , dispersive optical feedback with chirped fibre Bragg grating [33] , optical heterodyne feedback [34] , frequency-selective feedback [35] , polarization-rotated feedback [36] , [37] , optoelectronic feedback [38] , [39] , phase-conjugate feedback (PCF) [40] - [42] . Among them, the PCF induces instabilities in the laser operation in a mechanism different from the COF. For example, the switching between two consecutive external-cavity modes in the COF is seen as a steady-state operation and its bifurcations, while period-one is observed at the very beginning in the PCF. Besides, SLs subjected to PCF can generate chaos signals in a wide range of control and device parameters. Interestingly, Rontani et al. discussed numerically the TDS concealment in an SL with PCF and found that such a system has smaller ACF than the COF, and in the meantime the chaotic laser with PCF exhibits significant improvements in bandwidth, spectral flatness, and statistical complexity [40] . On the other hand, the optical injection chaotic system (OICS) has been demonstrated to be able to strongly suppress TDS induced by the COF and enhance the complexity of chaos [27] . Regarding the respective advantages of PCF and OICS, we propose to enhance the chaotic dynamics, i.e., TDS concealment and bandwidth enhancement, by combining both mechanisms.
In this paper, it is numerically shown that the TDS concealment can be achieved via choosing appropriate parameters in the OICS subjected to PCF. Compared with COF, the simulation results show that the efficient bandwidth of OICS-PCF can be greatly enhanced, and the TDS can be better concealed. To help us understand the parameter space for achieving such a goal, both the effects of feedback and injection parameters are studied in some detail. The reminder of this paper is organized as follows. In Section 2, the theoretical model that describes the externalcavity semiconductor laser (ECSL) with PCF is presented based on the extended Lang-Kobayashi model. In Section 3, the comparison between OICS-PCF and OICS-COF in the TDS concealment is presented. In particular, the roles of feedback strength, the injection strength and the frequency detuning are discussed. To demonstrate the versatile enhanced properties of the proposed scheme, the bandwidth enhancement is also briefly revisited. Fig. 1 is the schematic diagram of the OICS-COF and OICS-PCF. In both cases, the MSL is subjected to time-delayed feedback from an external cavity, either COF or PCF, and the generated chaos is unidirectionally injected to the SSL. As shown in Fig. 1 , variable attenuators (VA 1 and VA 2 ) are used to adjust the feedback and injection strength, and optical isolator (OI) is employed to ensure the unidirectional injection from the MSL to the SSL.
Theory and Model

Rate Equation Models
The Lang-Kobayashi equations are widely used to describe the behavior of a SL subjected to optical feedback [43] . Following similar definitions, we model the two systems shown in Fig. 1 using extended L-K rate equations. The equations for OICS-COF and OICS-PCF read
where E (t) is the slowly varying complex electric field, and N (t) is the carrier density in the active region; subscripts m and s stand for the MSL and SSL, respectively. In this paper, the spontaneous emission noise is not taken into account. The last term in (1) denotes the chaotic optical injection term from the MSL to the SSL, the second and third terms represent the feedback for the MSLs, COF and PCF, respectively. k cof and k p cf are the feedback strength, τ f is the feedback delay. We assume that COF and PCF have the same time delay, τ f . p cf is the feedback phase, different from the COF system, there hasn't the phase term e −i ω 0 t in the feedback term because of the properties of the phase-conjugate field, then cof = 2πf m τ f , f m and f s stand for the optical frequency of the MSL and SSL, we consider cof = p cf = 0 rad [40] , since it has no significant influence on the results shown in the current study. k i n and τ i n are the injection strength and injection time delay from the MSL to the SSL, f ms = f m − f s is the frequency detuning between the MSL and SSL. N 0 is carrier density at transparency,
is the optical gain, ε is the gain saturation coefficient that strongly affects the dynamics of semiconductor lasers, α is the linewidth-enhancement factor which represents the coupling between the amplitude and phase of the intracavity laser. τ p is the photon lifetime and τ N is the carrier lifetime. g denotes the differential gain coefficient and J = p J th is the pumping current, where J th is the threshold current of the solitary laser, and p is the pumping factor.
The parameters used in the simulations are set as [40] : α = 5, g = 7.5 × 10 
TD Quantifiers
TDS in time-delayed systems has been studied via a lot of methods, including the ACF and delayed mutual information (DMI), and the permutation entropy-based measure [30] , [44] . The ACF and DMI, however, are the most common ones in the literature. Here, we limit ourselves to the ACF due to its simplicity and high efficiency. For time series x(t), the ACF is defined as
where x s (t)= x(t − s). To better show the TDS properties, the ACF peak size is also properly calculated. Here the peak size is defined as the maximum peak (absolute value) in the vicinity of a time window W = [τ f − 0.05τ f , τ f + 0.05τ f ].
Numerical Results
As mentioned above, the TDS in chaotic injected systems can be removed by choosing proper parameters ( f ms and k i n ) [31] , and on the other hand, the amplitude of ACF extracted from an ECSL subjected to PCF is smaller than that in COF [40] . In this work, we consider a situation that the TDS of the MSL in both OICS-PCF and OICS-COF have the comparable (absolute) value, and focus on the TDS concealment in the SSL as shown in Fig. 1 .
Firstly, Fig. 2 shows the typical results for the time series and the corresponding ACF computed from the intensity time series I (t) for different SLs in OICS-PCF and OICS-COF. Here we choose slightly different pump parameters for the OICS-PCF and OICS-COF: J m = 1.4J th and J s = 1.5J th for COF, J m = 1.6J th and J s = 1.5J th for PCF. With these parameters, the absolute value of the ACF peak extracted from the MSL with PCF is almost equal to that of the MSL with COF. The other parameters are fixed as f ms = 15 GHz, k cof = k p cf = k f = 15 ns −1 , k i n = 15 ns −1 . It can be seen from Fig. 2(a1) , (a2), obvious TD peaks are located around at τ f = 1ns in the ACF. In the same situation, the TDS is totally concealed in the PCF while it is obviously seen in the COF. These examples indicate that better TDS concealment can be achieved in the OICS-PCF when compared to OICS-COF. Additionally, the intensity time series fluctuates more frequently in the SSL, which means that the bandwidth of the chaotic laser output is increased both in the OICS-PCF and OICS-COF. This will be addressed briefly at the end of this section. In the following, the influence of some control parameters such as feedback and injection strength and frequency detuning on the TDS concealment is investigated.
In Fig. 3(a) , the effect of injection strength and feedback strength on TDS of SSL are simulated, while injection current is varied from 1.05J th to 1.75J th . The trends for ACF value of OICS-PCF and OICS-COF are very similar when k f or k i n is varied, and the injection current has certain effect on the TDS in these two systems. It is interesting to find that the ACF peak value of OICS-COF are always larger than OICS-PCF when k f and k i n varies. In the Fig. 3(a) , as the injection strength increases, the TDS amplitude reduces rapidly until a global minimum value is reached and then it increases, and this reduced region corresponding to the strong chaos regime. When the injection strength is small, less than 10 ns −1 , the ACF peak computed from the intensity time series is large since the SSL does not enter the well-developed chaos regime. Weaker ACF peak size can be expected for the moderate injection strength, i.e., 10 ns −s < k i n < 60 ns −1 . Similar phenomenon is seen in Fig. 3(b) , where the effect k f and current is considered.
To obtain more insight into the TDS concealment, Fig. 4 shows the two dimensional maps of ACF peak size in the parameter plane of the frequency detuning and injection strength, where f and k i n is on the horizontal and vertical axis respectively. As shown in this diagram, when the frequency detuning varies in the range of −20 GHz < f < 20 GHz, while the injection strength is relatively low (k i n < 40 ns −1 ), the TDS amplitude of SSL in OICS-PCF and OICS-COF are very small and the TDS can be well concealed in this parameter (blue region). A careful comparison between the COF and PCF in Fig. 4 shows that, when | f | > 20 ns −1 , these regions in OICS-PCF for lower TDS value are wider than those in OICS-COF. This means that the TDS in the OICS-PCF can be better suppressed compared to OICS-COF by adjusting the injection parameters. Fig. 5 shows the maps of TDS evolution in the parameter space of k f and f . In these figures, f is on the horizontal axis and k f is on the vertical axis. Note that, for too small values of k f , the two lasers are not operating in the chaos regime, similar to the situation of small k i n shown in Fig. 4 . Again, one can clearly see that wider regions of weak TDS are demonstrated in the OICS-PCF when compared to OICS-COF.
The influence of the feedback strength on the bandwidth of SLs is shown in Fig. 6 . The injection strength, injection current and the frequency detuning are fixed at 15 ns −1 , 1.5J th and 15 GHz, respectively. Note that, we consider the SL with different types of feedback schemes, ECSL-COF and ECSL-PCF, which is presented as dashed line. The blue line is used to present the bandwidth of the OICS-PCF, while the red line denotes the OICS-COF. When feedback strength increases, the bandwidth of the MSL in these two injected-systems and ECSL-systems show similar trends, the rate of increase per GHz is approximately 1.7 times larger for PCF compared to that for COF, which is similar to the conclusion of [40] . The injected-system has larger bandwidth, which has been proven in the literature [45] , [46] , while the same results are also shown in the Fig. 6 . The bandwidth curves of the SSL in these two injected-systems are well above the MSL curves while the feedback strength increases. Besides, the bandwidth of the OICS-PCF is always better than that of the OICS-COF in the parameter range considered in Fig. 6 . It is worth noting that, in Fig. 2 , we discussed one situation that the TDS can be totally concealed in the SSL of OICS-PCF, i.e., th e loss of TDS and bandwidth enhancement in the chaotic output of the SSL can be achieved simultaneously.
Conclusion
We have numerically verified that the TDS concealment can be achieved in the OICS-PCF. For comparison, the OICS-COF is also discussed in this paper. In particular, TDS can be better suppressed with proper parameters in OICS-PCF. The effects of some control parameters on TDS concealment in both systems are discussed, which further confirms the advantages of the proposed system. Moreover, the bandwidth enhancement is briefly studied and it is shown that OICS-PCF allows for larger bandwidth. The operational parameter values for TDS concealment and bandwidth enhancement in the OICS-PCF are important for designing secure optical chaos communication systems.
